In this study, the Schrodinger equation (SE) with screened Kratzer potential (SKP) in the presence of external magnetic and AB-flux fields is investigated using the factorization method.
Introduction
In non-relativistic (NR) quantum mechanics(QM), the solutions of the wave equation (i.e. "Schrödinger equation(SE)") [1] [2] [3] [4] for particles in motion influenced by a central potential field has great applicability. This is because the eigenvalues and eigenfunction contains altogether the crucial information regarding the quantum system [5, 6] . Many works concerning solutions of the Schrödinger equation with diverse quantum mechanical potentials have been carried out broadly in the literature [7] [8] [9] [10] . One of the potentials is the "screened Kratzer" potential(SKP) [11] which was recently proposed by Ikot et al. [11] . The expression for the SKP is stated as follows [11] :
the letter 2 ee A D r  and 2 ee C D r  ,  represents the "screening parameter", e D represents the "dissociation energy" and e r represents the "equilibrium bond length". This SKP is a general case of many potentials, it reduces to the "Kratzer potential" [12, 13] when approaches zero, "Yukawa" (i.e. "screened Coulomb") potential [14, 15] when 0 C  , and the "Coulomb" potential [8, 16] when 0 C  and 0   . More so, if 0 A  , the potential shrinks to the inversely quadratic Yukawa potential [17, 18] . Ikot et al [11] in a maiden consideration carried out a "non-relativistic(NR)" treatment [4] with this potential. The "eigenvalue" and normalized wave function for this system potential was explicitly obtained for carefully chosen diatomic molecules. Thermal properties of this system was obatined. Copious reports considering the combined effect of magnetic and "Aharanov-Bohm flux" fields have been carried out by several researchers. 3 For example, de Souza et al [19] examined the impact of impurity on the quantum dynamics of huge excitations in disclinated "graphene" bearing an external magnetic field. The disclination is brought in using an expression in the "Dirac equation" that translates the appearance of a phase associated with the transport of the "spinor" around the apex of the cone. The Dirac equation for this problem was exactly solved and the energy equations were obtained [19] . The influence of "screw dislocation (SD)" on the energy spectra and the eigenfunctions of an electron trapped in a two-dimensional pseudo-harmonic "quantum dot" [20] under the influence of an external magnetic field( B -field) inside a dot and Aharonov-Bohm field inside a pseudodot was investigated by Filgueiras et al [20] . The NR equation was solved analytically, the energy equation and eigenfunctions were calculated [19] .
Ferkous et al. [21] examined the "bound state" energies for a fermionic massive particle with 1 2 spin exposed to the "modified Poschl-Teller(PT) potential" and an AB field in the NR limit. The delta-function singularity problem which depicts the relationship between spin and magnetic flux was solved [21] .Spectral properties of an electron in two-dimensional (2D) "Gaussian quantum dot" (GQD) [22] under the collective effect of B -field, electric field( Efield) , and AB-flux field was studied by Aalu theoretically [23] . The problem was solved via the Nikiforov-Uvarov (NU) method [24] within the effective-mass approximation and the results were found and compared with that of the parabolic potential (PP) model [25] .
Dantas et al. [26] explored the influence of the rotation of an electron and hole with SD restrained in a quantum ring(QR) potential. The Tan-Inkson(TI) potential [27, 28] was applied to model the confinement of the particle in a 2D QR. The authors assumed that the QR was situated in a B -field and AB -flux filed in the center of the system, and the frame rotates about the z-axis. The SE was solved and the eigenfunctions and energy eigenvalues. The impact of the dislocation and the rotation the persistent current and magnetization was examined.
For the first time, Bahar and Soylu [29] obtained the eigenenergies of two-electron "Hulthen" [30, 31] QDs embedded in "Debye" and quantum plasmas modelled by the more general exponential cosine screened Coulomb (MGECSC) potential [32] under the combined influence of E and B fields. The modified SE was solved numerically via the asymptotic iteration method (AIM) [33] . It was posited that plasma conditions form a considerable QM effects for QDs and other atomic systems and that plasmas are pertinent experimental arguments.
A crucial and fascinating problem in physics is to study the thermal and magnetic properties of quantum systems. Some researchers have carried investigations in this direction.
For example, Jahan et al. [34] scrutinized the effect geometry on the electronic, thermal, magnetic, and transport properties of a Gallium Arsenide(GaAs) QD using the powerexponential potential model [35] with a steepness parameter. The thermal quantities were calculated using the canonical ensemble approach(CEA) at low temperature. Khordad [36] evaluated some thermal quantities of an asymmetric GaAs QD with the effect of temperature and B -field. The energy eigenvalue and eigenfunction were obtained using a transformation to simplify the Hamiltonian of the system.
Again, Jahan et al. [37] studied the problem of an exciton trapped in a Gaussian QD of GaAs in both 2D and 3D in the presence of a B -field using the Ritz variational method [38] , the 1 N expansion method [39] , and the shifted 1 N expansion method [40, 41] . The ground state energy and the binding energy of the exciton were obtained and compared with results in literature. Shaer et al. [42] calculated the magnetization and susceptibility of two electrons 5 interrelating and confined in a QD in the presence of a B -field. The problem was solved via the exact diagonalization method [43, 44] . In another consideration, Khordad and his collaborators in 2019 investigated the statistical properties of a GaAs QD with an effective-PP [45] . The selected statistical quantities of the QD evaluated via CEA in the presence of a B -field and its interaction with the electron spin. The relationship that exists between the external fields and the various thermodynamic functions were duly analyzed [45] .
In this report, the purpose is in four-fold. First, the work of Ikot et al [11] is extended and The resulting energy equation is used to obtain the partition function, which will be used to obtain other statistical quantities, such as mean energy entropy, free energy, specific heat capacity, magnetization and magnetic susceptibility. The effect of the fields on these properties will be analyzed. Furthermore, magnetisation and magnetic susceptibility at zero temperature is also considered.
The outline of the paper is as follows: Section 2 provides the solutions of the 2D SE with the SKP and vector potential A under the influence of external magnetic and AB-flux fields. In Section 3, the computations of numerical energy spectrum under external fields are considered and the comparison with previous results is given when fields become zero. In Section 4, magnetization and magnetic susceptibility at zero temperature is considered. The behaviour of thermodynamics properties in the presence of external fields is then studied in Section 5. Finally, the paper ends with concluding remarks in Section 6.
Schrödinger equation with SKP with AB flux field and an external
B -field 6 The Hamiltonian operator of a particle that is charged and subjected to move in the SKP under the combined impact of AB flux field and B -field can be written in cylindrical coordinates. Thus, the SE is written as in Ref. [46] [47] [48] taking into consideration the SKP.
where nm E represents the energy level,  is the effective mass of the system, the vector potential which is denoted by "
A " can be written as a combination of two terms 12 
A A A 
having the azimuthal components [49] and external B -field with 12 ,0 A B A     , where B is the magnetic field. 1 
We assume a wave function in cylindrical coordinates as    
where m denotes the magnetic quantum number. Inserting this wave function, the vector potential into Eq. (2) and using the approximation proposed by Greene and Aldrich [50] with some simple algebraic calculations, we arrive at the following radial 2 nd order DE: 2  2 2 2   2  2  2  2  2  22   2  2  2   22  2   2  2  2  2  1  1  1 
For Mathematical simplicity, let's introduce the following dimensionless notations; 22 2 nm
Now using the factorization method [51, 52] 
If we consider the boundary conditions
with   0 nm s   , we assume the following ansatz of the form;
On substitution of Eq. (8) into Eq. (6), we obtain the following hypergeometric equation:
its solutions are nothing but the hypergeometric functions
If the finiteness of the solutions is considered, the quantum condition is given by
from which we obtain 9   2   2  1  2  2  3  1   2  2  3  1   11  24   11  2 24
Consequently, if one substitutes the value of the dimensionless parameters in Eq. (5) into Eq.
(15), we obtain the solutions as follows:
The 3D NR energy solutions are obtained by setting 
Applications
In this section, the numerical and graphical results of this study is discussed. Table 1 shows the energy eigenvalue computed using Equation (16) 
the degeneracy is completely removed in comparison to the effect of the magnetic field and the energy eigenvalues increases. Therefore, the total consequences of both fields are stronger than the single individual effects; thus, there is a major shift in the bound state energy for the system.
In 
, degeneracy is observed. Again, by subjecting the entire system to only the magnetic field, the energy values are reduced and degeneracy is quasi-removed, and the energy levels become more negative. When only the AB-flux is present, the degeneracy is removed swiftly and energy eigenvalue increases, which indicates that the system is strongly attractive.
Moreover, the dual effect of the external fields is stronger than the individual effects;
consequently, there is an ample shift in the bound state energy of the system. system is great. In the absence of the AB-flux field, the energy is higher but the energy increases as the magnetic field varies. The relationship in this case shows an exponential increase in the energy eigenvalue. Figure 1(b) shows that the energy eigenvalues increase monotonically as the magnetic field is increased. Figures 1(c) and 1(d) show that the energy eigenvalue increases as AB  is increased. However, there is a quasi-linear trend in the absence of a magnetic field. , where a saturation was observed in the three cases considered. Beyond this point, the magnetisation drops. Figure 3(b) shows that the magnetisation increases as AB-flux field increases in an almost linear pattern. It is also noted that the magnetisation decreases for increasing  for the cases examined. In Figure 3( In Figure 3(d magnetic field, and  . In Figure 5 (a), we notice that in the three cases considered, in the region
, the internal energy drops abruptly and then gradually increases. Figure 5 with , AB B  and  . In Figure   8 (a), the entropy remained steady in the region of 0 0.05 BT  , and shows a sharp rise in the entropy as the magnetic field increases and drops immediately. In Figure 8(b) , the entropy increases as AB  does the same. Figures 8(c) and 8(d) show that the entropy also increases as the inverse temperature  is increased. However, there is a sharp and continuous decrease of the entropy in the case where 8 AB  , as shown in Figure 8(d) .
In Figure 9 , we show the behaviour of the magnetisation and magnetic susceptibility at 
Thermal Properties of Hellmann Potential with Magnetic and AB fields
The partition function can be calculated if we carry out a direct summation over all possible energy levels at a given temperature T [53] [54] 
where,
is the maximum quantum number.
In the classical limit, the sum in Eq. 
The integral is evaluated in the region        We therefore use Mathematica software to evaluate the integral in eq. (26), thus obtaining the partition function for the Hellmann potential model as; 
The error function can be defined as [55]   
Magnetization at Finite Temperature
The magnetization is given as [56] ; 
Magnetic Susceptibility;
The magnetic susceptibility of the system is calculated with [56]     ,, ,, 
Internal Energy
The internal energy of the system is obtained as [57] ;
Specific Heat Capacity
The specific heat capacity of is evaluated using the equation [57] ;
Free Energy 17 The free energy of the system is given as [57] 
Entropy
The entropy of the system is evaluated with the expression below [57] ;
Magnetization and Magnetic susceptibility at Zero Temperature.
In the present study, we are interested in analyzing the magnetization and magnetic susceptibility at zero temperature.
Magnetization
The magnetization of a system in a state   , nm are defined by [58] ;
Magnetic Susceptibility at zero temperature
The magnetic susceptibility at zero temperature is given as [58] ;
Conclusions
In this paper, the effects of external and AB-flux fields on the energy spectra and thermodynamic properties with SKP were studied and analyzed. The factorization method was used to obtain the energy spectra and wave function for the system. The influence of the fields on the energy spectra of the system was analyzed. Furthermore, the magnetization and magnetic susceptibility of the system was considered at zero and finite temperatures. We evaluated the partition function and used it to evaluate other thermodynamic properties of the system. A comparison of the magnetic susceptibility of the system at zero and finite temperature shows similarity in the behaviour of the system. The presence of the AB-flux field makes the system exhibit a dual magnetic behaviour (paramagnetic and diamagnetic). These research findings could be applied in condensed matter physics, atomic physics, and chemical physics.
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